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GALOIS COHOMOLOGY OF COMPLETED LINK GROUPS 

INGA BLOMER, PETER A. LINNELL, AND THOMAS SCHICK 

Abstract. In this paper we compute the Galois cohomology of the pro-p 
completion of primitive link groups. Here, a primitive link group is the funda- 
mental group of a tame link in S 3 whose linking number diagram is irreducible 
modulo p (e.g. none of the linking numbers is divisible by p). 

The result is that (with Z/pZ-coefHcients) the Galois cohomology is natu- 
rally isomorphic to the Z/pZ-cohomology of the discrete link group. 

The main application of this result is that for such groups the Baum-Conncs 
conjecture or the Atiyah conjecture are true for every finite extension (or even 
every elementary amenable extension), if they are true for the group itself. 



1. Introduction 

Throughout the paper we fix a prime number p. If G is a discrete group, then 
G will denote its pro-p completion. 

1.1. Definition. We denote the fundamental group G of the complement M of a 
tubular neighborhood of a tame link L with d components in S 3 a link group with 
d components. We define the linking diagram to be the edge-labeled graph whose 
vertices are the components of the link. Any two vertices are joined by one edge, 
which is labeled with the linking number of the two link components involved. 

We say the link group G is q -primitive for a prime q if there is a spanning subtree 
of the linking diagram such that none of the labels of the edges of this subtree is 
congruent to modulo p. It is called primitive if it is q-primitive for every prime q. 

Observe that in particular every knot group (i.e. a link group of a link with only 
one component) is primitive, because there are no edges to worry about. 

Labute computes in [6] the lower central series quotients of primitive link groups. 
He shows in particular that all of them are torsion free. He uses Lie algebra tech- 
niques developed in [21 EH EC] • These techniques give results not only about the 
lower central series quotients, but also about the pro-p completions and their Galois 
cohomology. 

In [13[|17j it became important to compute the Galois cohomology of such groups 
because of the following result which combines special cases of [13j Theorem 4.60, 
Corollary 4.62] or of PS Theorem 10]. 

1.2. Theorem. Let G be a discrete group with finite classifying space. Assume that 
all the lower central series quotients of G are torsion free and that for every prime 
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q the canonical map 

(1.3) H*(G,Z/q) -> H*(G,Z/q) 

between the Galois cohomology of the pro-q completion G and the ordinary coho- 
mology of G is an isomorphism. 

If the Atiyah conjecture holds for G, then it holds also for every elementary 
amenable extension of G , and in particular every finite extension of G. 

If the Baum-Connes conjecture (with coefficients) holds for G, then it holds also 
for every elementary amenable extension of G, and in particular every finite exten- 
sion of G. 

Here, the Atiyah conjecture for a torsion-free group G asserts that the L 2 -Bctti 
numbers of every compact manifold with fundamental group G are integers. This 
implies that the ring QG embeds into a skew field (there are versions which imply 
the same for CG). 

It is checked in the proof of |13[ Proposition 5.34] that a primitive link group 
fulfills all the assumptions of Theorem[L2j except for the computation of the Galois 
cohomology. This will be done in this paper. Our main result is the following. 

1.4. Theorem. Let G be a primitive link group. Then the map 

H n (G,Z/ P ) -> H n (G,Z/p) 
is an isomorphism for every n € Z and every prime number p. 

1.5. Definition. As in [T3l Definition 4.3], we call the above property, that H n (G, Z/p) 
H n (G, Ijp) is an isomorphism for every n £ 1 and every prime number p, as G 
being cohomologically complete. 

1.6. Corollary. Let G be a primitive link group. IfG satisfies the Atiyah conjecture, 
then so does every elementary amenable extension of G , and in particular every 
finite extension of G. 

The Baum-Connes conjecture is true for every elementary amenable extension 
of G, and in particular every finite extension of G. 

Proof. All these statements follow immediately from Theorems 11.41 and 11.21 and 
from the fact that the Baum-Connes conjecture with coefficients is known for fun- 
damental groups of Haken 3-manifolds, compare e.g. [16l Theorem 5.23] or [14l 
Theorem 5.2]. □ 

This work was inspired by the confirmation of John Labute that the homomor- 
phism of (|1.3p indeed should be an isomorphism for primitive link groups, and it 
is very much based on Labute's work cited above. Since the result seems not to 
be available in the literature, and since it is not obvious how to prove it using 
[21 Uni HH E] we indicate the proof in this note. We will heavily refer to results 
and methods which can be found in these papers. Alternatively, one could have 
used a suitable version of the mildness and appropriate versions of the results of 
[7j. However, since there the p-central series is in the focus, whereas we use the 
central series, we try to give a somewhat independent treatment. 

2. Proof of Theorem 11.41 
First we observe (cf. |T3l Lemma 4.5]): 
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2.1. Lemma. Let G be a discrete group. Then 

H k (G,Z/p) -> H k (G, Z/p) 
is an isomorphism for k = and k = 1. 

Proof. For fc = this is immediately clear from the definition. Also, H 1 (G,Z/p) = 
Hom(G, Z/p) and H l {G, Z/p) = Hom(G,Z/p). But by the very definition of the 
pro-p completion every homomorphism from G to Z/p extends uniquely to a ho- 
momorphism G — ► Z/p. □ 

2.2. Example. Let i* 1 be an arbitrary free group (not necessarily finitely generated). 
Then F is cohomologically complete, as defined in Definition 11.51 



Proof. Since F has cohomological dimension < 1 , in view of Lemma 12.11 it suffices 
to prove that the pro-p completion of F has cohomological dimension < 1, i.e. that 
F p is a free pro-p group. But this follows from [191 Corollary 4 and Remark on 
p. 8]. □ 



The first step to prove Theorem 1 1.41 is the computation of the cohomology of the 
discrete link group: 

2.3. Lemma. Assume that G is a primitive link group with d components. Then 
G has a compact 2-dimensional classifying space and 



dim z/pZ F n (G,Z/pZ) = 



ifn = 
if n = 1 
ifn = 2 
if n > 2. 



Proof. Let L be a link with d components with primitive linking diagram such that 
G is the fundamental group of S 3 — L. It is shown in the proof of [13[ Proposition 
5.34] that the compact 3-dimensional manifold with boundary S 3 — U(L) (U(L) 
being an open tubular neighborhood of L) is a classifying space for G, homotopy 
equivalent to a 2-dimensional CW-complex. In particular, H n (G, Z/pZ) = H n (S 3 — 
L, Z/pZ) which easily can be computed using Alexander duality and gives the 
asserted dimensions. □ 

These computations show that the following proposition is relevant for p-primitive 
link groups. 

2.4. Proposition. Let G be a discrete group with finite classifying space of dimen- 
sion 2. Then 

(2.5) H n (G,Z/p) — > H n (G,Z/p) is an isomorphism for every n G Z 

if and only if 

(1) H 3 {G,Z/pZ) = 

(2) dim z/pZ tf 2 (G,Z/pZ) = dim z/pZ ff 2 (G,Z/pZ). 

Conditional] is equivalent to the fact that the cohomological dimension of G is < 2. 
If G = F/R where F is a finitely generated free pro-p group, this is also equivalent to 
R/[R,R] (where [R,R] is the closure of the subgroup generated by all commutators 
of R) being a free Z p [[G)]-module. Z p [[G]] is the completed group ring (compare [2]^ 
and the action is induced by conjugation. 
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Proof. (|2.5p obviously implies that Q] and [2] hold. 

By [HI Propositions 11 and 20] we have £f 3 (G, Z/p) = if and only if the 
cohomological dimension of G is < 2. The equivalence of the last condition with 
[T] follows immediately from [2] Theorem 5.2 and Corollary 5.3]. Here we use the 
fact that the abelian group N p :— R/[R, R] is equal to its p-Sylow subgroup since a 
free pro-p group (like R) does not have non-trivial cyclic quotients of prime order 
except for Z/p, so that our definition indeed coincides with the definition of [2]. 

We use [3J Lemma 4.2] to compute the Galois cohomology of G using a Z p [[G]]- 
resolution of the p-adic integers Z p . 

We change notation and write G = F/R with a free group F on d generators 
x\, . . . ,Xd and relations R (normally generated by r relators r\, . . . ,ry, and where r 
is minimal with this property), where the presentation is given by a finite classifying 
2-complex X for G. 

Then G = F/R, where R is the closed normal subgroup of F generated by R 
(compare [13l Lemma 3.9]). 

In the proof of [21 Theorem 5.2] the exact sequence 

(2.6) -> N p -> I(F)® Zp[[Np]] Z p -> Z P [[G]] -> Z p -> 

is given. Since F has cohomological dimension 1 , the discussion at the beginning of 
[21 Proof of Corollary 5.3] shows that 1(F) is a free Z p [[F]]-module, generated by 
{(1 — x\), . . . , (1 — Xd)} (note that {x%, . . . Xd} constitute also a set of free generators 
for F). This fact is also used in [9l Example (2) on p. 144]. Hence I(F)®% u N iiZ p = 
Z p [[G]] d . 

As mentioned by Brumer in [2], his reasoning applies also to the discrete group 
G to give the exact sequence 

(2.7) -> N ^ 1[G] d ^ Z[G] ^ Z -» 0, 

where iV = R/[R, R] is the abelianization of the relations. It follows from the 
construction that the inclusions G — > G and Z ^> Z p induce maps which are just 
the inclusion of a free Z[G]-module into its completion for the two middle terms 
in the exact sequences. Moreover, the boundary map d\ : 7L\G\ d — > Z[G] maps the 
generator of copy number j of Z[G] to 1 — xj, where Xj is (the image of) one of the 
generators of F. 

On the other hand, the (universal covering of the) 2-complex X has a cellular 
chain complex 

-> Z[G] r Z[G] d ^ Z[G] Z -» 0. 

Since this universal covering is contractible by assumption, this sequence is exact 
(this is the reason why we added the group Z at the end). Moreover, the differentials 
di and di as well as d$ and do coincide. Identifying N and Z[G] r with their 
images under di or d§ , respectively, we see that they are isomorphic, in particular 
N is a free Z[G]-module, freely generated by the relators n, . . . ,r r . To compare 
the sequence (I2.7P with (|2.6p we observe that by [5J Corollary 5.3] (under the 
assumption that G has cohomological dimension < 2) N p is a free Z p [[G]]-module, 
but not necessarily generated by all the n , . . . , ry , instead only by a minimal subset 
which still normally and topologically generates R (which a priori might be smaller) . 
By [21 Proof of Corollary 5.3], we need any subset whose image in R/[R, F]R p is a 
basis as Z/pZ- vector space. 
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To compute the cohomology with Z/pZ-coemcients of G or G, respectively, we 
have to pass to the (topological) dual chain complexes and take their cohomology. 

By the very definition of the completion, Hom(Z[G] d , Z/pZ) is isomorphic to 
Hom(Z p [[G']] £i , Z/pZ) (every such homomorphism extends uniquely). However, the 
same considerations only show that Hom(iVp, Z/pZ) — > Hom(7V, Z/pZ) is injective. 
Diagram chasing reveals that the induced maps H 3 (G,1/pL) — > iP (G, Z/pZ) are 
isomorphisms for j = 0, 1 and injective for j = 2. Since we assume that for j ' = 2 the 
two cohomology groups have the same finite dimension, the map is an isomorphism 
in this case, as well. □ 

To apply Proposition 1 2 . A\ we next derive a presentation of the pro-p completion 
of link groups. 

2.8. Proposition. Let G be a link group with d components. Then the pro-p com- 
pletion G of G has a presentation as a pro-p group with d generators and d — 1 
relators. In other words, G is a quotient of a free pro-p group F with d generators, 
and the kernel R is the closure of the normal subgroup generated by d — 1 elements. 

If, moreover, G is primitive and if the r L p [[G\]-module R/[R,R] is free on d — 1 
generators then the natural map 

H n (G,Z/pZ) -> H n (G,Z/pZ) 

is an isomorphism for every n G Z. 

Proof. By a result of Milnor (compare 6, p. 951]), in our situation the lower central 
series quotients G/7„(G) have presentations 

(xi, . . . ,x d | [xx, w[ n) ] = ■■■ = [xd-uW^] = 1,7„(F)) 

where F is the free group generated by X\, . . . ,Xd, [x,y] = x~ 1 y~ 1 xy is the com- 

(n) 

mutator, and for k = 1, . . . , d — 1 and n G Z we have certain w k G F which in 
addition fulfill u^™' = w^ l+1 ^ modulo j n (F). 

Consequently, if 7^(G) is the lower p-central series (defined inductively by 7^ (G) = 

G and 7^+i(G) = (7n(G))"[ 7 P(G), G]) then = modulo <y£(F), and 

G/jP(G) has the presentation 

(xi, ...,x d I [xi, w[ n) ] = ■■■ = [xd-uw^] = l,jP(F)). 

Since G is the inverse limit of the inverse system given by G/7^(G) it follows that 
for each k — 1, . . . , d the sequence converges in G to Wk and that a presentation 
of G as pro-p group is given by 

(xi, ...,x d I [xi, U>i] = • • ■ = [x d -i,w d -i\ = 1). 

Assume now that G is primitive. By Lemma 12.31 G has a classifying space of 
dimension 2. Because of the assumptions and Proposition ^. 41 we only have to check 
that dim z / p H 2 (G, Z/p) = dim z / p H 2 (G, Z/p). In the proof of Proposition 12.41 we 
have seen that the cohomology of G is the cohomology of the following cochain 
complex (we dualize (|2.6p using the fact that 1(F) is a free Z p [[G]]-modulc on d 
generators and by assumption N p — R/[R, R] is free on d — 1 generators) 

(2.9) <- (Z/pZ)^ 1 S (Z/pZ) d £■ Z/pZ. 
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By Lemma 12.11 and Lemma 12.31 we know that dim z / p z H°(G, Z/pZ) = 1 and 
dimg/pz Z/pZ) = d. This implies that d\ in the cochain complex (|2.9p is 
trivial, and therefore dim z / pZ H 2 (G, Z/pZ) = d — 1 = dim z / pZ H 2 (G, Z/pZ). 

Note that it is crucial not only to know that R/[R,R] is free, but that it is free 
on d — 1 free generators. □ 

2.10. Remark. It should be observed that it is not true in general that a discrete 
link group has a presentation with d generators and d — 1 relators, so that the 
presentation obtained in Lemma 12.81 will in general not come from a presentation 
of G itself. 

In order to show that primitive link groups are cohomologically complete, it re- 
mains to show that for a primitive d-component link group G with pro-p completion 
G = F/R the following holds: 

R/[R, R] is a free Z p [[G]]-module on (d — l)-generators. 

From now on let F be a finitely generated free pro-p group and R a closed 
subgroup of F. Set G := F/R. We now give a criterion in terms of nitrations, 
graded rings and graded modules for N := R/[R,R] to be a free Z p [[G]]-module. 

Observe that the lower central series Ji(F) — F, jk{F) — [jk-i(F), F] provides 
a filtration of F by closed subgroups, which induces a filtration Nk of N, where Nk 
is the image of R D 7fe(-F) under the projection R —> N. 

This induces graded groups gr(F) with gr(F)/. := jk{F)/-fk+i(F). Each gr(F)k 
is an abelian pro-p group, i.e. a Z p -module. Moreover, the commutator induces 
a Lie ring structure on the direct sum gr(F) of all the gr(F)k, so that gr(F) is a 
Z p -Lie algebra (compare Section 2.1]). By Proposition 1] gr(F) is a free Lie 
algebra over Z p generated by the image of the free (topological) generators of F. 
Similarly, we define gr(iV) by gr(N)k := Nk/Nk+i- Observe that gr(iV) inherits a 
Zp-Lie algebra structure, but it is an abelian Lie algebra (i.e. the bracket is trivial). 

Let / be the augmentation ideal of Z p [[G]], i.e. the kernel of the augmentation 
homomorphism Z~[[G]] — > Z p . Then the closures of the powers of I provide a 
filtration of Z p [[G]] by closed ideals, and we get the graded ring gr(Z p [[G]]) with 
gr(Z p [[G]]) fe = Ik/Jk+l (fc = o, 1, . . . ). It is easy to check that the Z p [[G]]-modulc 
structure of N (induced from conjugation of G on R) fulfills I n Nk C N n +k- There- 
fore, it induces a gr(Z p [[G]])-module structure on gr(AT). 

2.11. Lemma. Assume, in the above situation, that ui\, . . . , w r are elements of N 
with images Wi, . . . , W r in gr(iV). Assume further that gr(iV) is a free gr(Z p [[G]])- 
module with basis Wi , . . . , W r . Then N is a free Z p [[G]] -module with basis W\ , . . . , W r 

Proof. The elements w\, . . . , w r determine a Z p [[G]]-module map <f>: Z p [[G]] r —* N . 
We want to show that <p is an isomorphism. 

An easy induction and the assumptions imply that the induced map 

fe : (Z p [[G]]/I^r - N/N k 

is an isomorphism for every k > 1. It follows from 4, Lemme 1] that 4> induces an 
isomorphism 

(2.12) ^ : (Z p [[G]]//°T ^> N/N^ 



GALOIS COHOMOLOGY OF COMPLETED LINK GROUPS 



7 



where J°° = PlfceN ^ k an( ^ = C\keN (here N denotes the positive integers 
{1,2,...}). 

Let J be the radical of Z p [[G]] (i.e. the kernel of the projection Z p [[G]] — > Z/pZ). 
Then certainly I C J. By [T21 Chap. II (2.2.2)] J°° is trivial, therefore the same is 
true for 

It is well known that C\k&nk(F) = {1} and therefore HfceN^ n lk(F)) = {!}■ 
Assume that w S jVoo . Since R jk (F) maps onto iVfe , for each fc > 1 we find 
7'fe G i? H jk(F) such that the image of in iVfc is equal to w. Compactness and 
completeness of F (and R) imply that we find a subsequence of rfc which converges 
to r e R. Since rj 6 jk{F) for j > k and since 7fc(F) is closed, r 6 'yk(F) for every 
fc. It follows that r is trivial. Because of continuity of the projection map R — » AT, 
the image of r in TV is iu. Hence u> and therefore is trivial. 

Therefore (|2.12p proves the lemma. □ 

The definition of the lower central series of a group and the corresponding graded 
ring makes sense also in the discrete case, and similarly with all the other objects 
defined above. We get a parallel theory, with the completed group ring replaced by 
the group ring over Z. The discrete situation was studied thoroughly by Labute. 
We now give a connection between the discrete and the pro-p completed versions. 
In particular, this will give a condition when gr(iV) is a free gr(Z p [[G]])-module. 

To do this, we recall the following lemma, whose proof we give for the convenience 
of the reader. 

2.13. Lemma. Let T be a discrete group and i: T — > G be an injective group 
homomorphism of T into a pro-p group G with dense image. Then G is the pro-p 
completion ofT. 

Proof. By the universal property of the pro-p completion T we have a factorization 
of i as T — > f — » G. Here / is surjective, since the image is closed and dense. 
We identify T with its image in T and in G. It remains to check injectivity of /. 
Note that every homomorphism of T onto a finite p-group extends uniquely to a 
homomorphism of T. It follows in particular that for a closed normal subgroup U of 
r of finite index p" the intersection with T has index p™ in T. Since / is surjective 
and U is compact, I(U) is a closed normal subgroup of G of index not bigger than 
p™. Since i is injective, I(U) D T has index p" in T. It follows that the index of 
I(U) in G is precisely p™. Therefore the induced map Ijj : T/U — > G/I(U) is an 
isomorphism. By [4l Lemme 1] / induces an isomorphism of T onto a quotient of 
G. It follows that I itself is an isomorphism. □ 

Let L be a free Z-Lie algebra on d generators. It is a classical fact that this is 
the graded Lie algebra of the lower central series of a discrete free group on d 
generators (compare [TH Theorem 6.1]). If F is a free pro-p group on d generators 
then we have a canonical map L — > gr(F) (induced from the map — > F given 
by the generators) and since gr(F) is a free Z p -Lie algebra on the given set of 
generators, for each fc s N Lj, — > gr(F)k is just the pro-p completion of the (finitely 
generated, compare e.g. [X5J Corollary 5.12]) abelian group L\-. It is also possible 
to conclude this from the fact that Td/'yki^d) injects into its pro-p completion by 
[5j Theorem 2.2] together with Lemma [2.131 

The bracket L]~ x L r — > Lk+ r extends by continuity to gr(F)^ x gr(F) r — > 
gr(F)k+ r - This follows because the bracket is induced from taking commutators, 
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i.e. from group multiplication, and the latter is continuous (we then only have to 
pass to quotients). 

2.14. Lemma. Let Wi, . . . , w r be elements of F which topologically generate a closed 
normal subgroup R of F. Let Wi, . . . , W r be the natural images in gr(F). Assume 
that the set {Wi, . . . ,W r } belongs to the TL-Lie subalgebra L of gr(F). Let x be 
the (graded) TL-Lie ideal of L generated by (Wi, ■ ■ ■ , W r ), and let 9t be the closed 
(graded) TL V -Lie ideal of gr(F) generated by {W\, . . . , W r ) (closed means each EHfc is 
closed in gr(F)k )■ 

In this situation, 9\ k is the closure ofx k in gr(F) k . Moreover, (gr(F)/9V)k is the 
completion of (L/t)k, where the bracket is extended by continuity. In particular, if 
L/t is a free 1-module, then gr(F)/?R is a free Z p -module. 

Proof. The closure of r obviously is contained in %\. Because the bracket is contin- 
uous, gr(F) ■ r = L ■ r c Lv c r. 

We have the exact sequence — > tk — > Lk {L/t)k — ► 0. E.g. by [HI Lemma 
3.6] the pro-p completion gives rise to a new exact sequence 

-> m k -> gr(F) fc -» (gr(F)/«) fc -» 0. 

Here we made use of the fact that we know the completion of L k and the closure 
of tfe. The assertion of the cited lemma of course is that the quotient (gr(F)/SK)/ £ 
is the completion of (L/x)k- The bracket is known to be continuous, therefore it 
extends by continuity. □ 

Let U be the enveloping algebra of L/t and V be the enveloping algebra of 
gr(F)/9t. Then r/[r, t] is a [/-module via the adjoint action, and ISH/pt, 9t] is a 
^-module via the adjoint action (the closure again is taken degree- wise) . 

Assume that L/t is a free Z- module. Remember that the enveloping algebra U 
is a quotient of the tensor algebra T{L/t) [31 Chapter XIII. 1]. The algebra T(L/t) 
has a grading induced from the grading of L/t, where the degree of a product 
x\ ® xi Cg) . . . (8> x v of homogeneous elements of L/t is the sum of the degrees of the 
tensor factors x%, . . . , x v . Since the relations x ® y — y ® x = [x,y] "preserve" the 
grading, it passes to the quotient algebra U. 

Assume that (L/t)k is freely generated as Z- module by the finitely many gener- 
ators Xk,x, ■ ■ ■ , Xk,n k ■ We have seen before that (gr(F)/fR)k is the pro-p completion 
of (L/r)fc. Therefore it is a free Z p -module generated by Xk,i, ■ ■ ■ , Xk,n k - Observe 
that the grading of gr(F)/£H gives rise to a grading of the enveloping algebra V 
exactly as in the discrete case. 

In this situation, by the Poincare-Witt theorem [31 Theorem 3.1 in Chapter XIII] 
Uk is a finitely generated free Z-module on certain products of the Xk,i, and Vk is 
a free Z p -module with the same basis. In particular, V degree-wise is the pro-p 
completion of U. Moreover, the product Uk x Ui — > Uk+i extends by continuity to 
V k xV t ^U k+l . 

2.15. Lemma. In the above situation, (9t/[9t, 9t])fe is for every k 6 N the pro-p 
completion of (t/[t,t])fc. 

The U -module multiplication 

U k x (r/[r,r])/ -> (t/[t,t]) k +j 
extends for every k and I by continuity to the V -module multiplication 
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Proof. We checked that £H is (degree- wise) the closure of r in gr(F). Continuity of 
the bracket implies (similar to the reasoning above) that the (degree-wise closed) 
commutator ideal [fH, JH] is the (degree- wise) closure of [r, r] . Because of Lemma 
12.131 %\k really is the pro-p completion of t for every k. Similar to the proof of 
Lemma T2.141 completing the exact sequence 

0^ [t,r] fc ^t fe -> (t/[t,t]) fc -»0 

gives the exact sequence 

o -» WM k -» -> (m/WM)k -» o 

which shows that the quotient SH/fSH, 9t] indeed is the completion of r/[r, r]. 

The last statement follows immediately from continuity of the V^-module multi- 
plication map 

V k x («R/p^tj), -> (W/p^) fc+J . 
Continuity of this map follows from the fact that the bracket in gr(F) which induces 
this map is continuous. □ 

2.16. Theorem. Let Wi, . . . ,w r S F and Wi, . . . , W r £ L be given as above, with 
Wi, . . . , W r generating the ideals r of L and 91 of gr(F). Assume that L/x is a free 
1-module with enveloping algebra U and [L/x)k is finitely generated as a Z-module 
for every k. Assume further that t/[t, t] is a free U -module with basis the images 
ofWx,...,W r . inx/[x,x}. 

Let R be the closed normal subgroup of F generated by W\, . . . ,w r and set G = 
F/R. Then R/[R, R] is a free Zp[[G]]-module with basis W\, . . . ,w r . 

Proof. By Lemma 12.141 the assumptions imply that gr(_F)/fH is a free Z p -module. 
Moreover, if V denotes the enveloping algebra of gr(F)/5H then V is degree- wise 
the pro-p completion of U. By Lemma f2 . 151 1H / [*K. SH] is degree- wise the completion 
of t/[t, t], which is by assumption a free [/-module freely generated by the images 
of Wi, . . . , W r . Since the completion of U is V, this implies that SH] is a free 

V- module with basis the images of W\ , ■ ■ ■ , W r . 

It follows that all the conditions of the pro-p version of [Til Theorem 1 and 
Theorem 2] are fulfilled. As remarked at the bottom of page 52 of [UJ, the pro-p 
version is obtained from the discrete version by everywhere replacing the ring of 
integers with Z p , the group ring Z[G] with the completed group algebra Z P [[G]] 
and ideals and subgroups with closed ideals and closed subgroups. With these 
changes, the proofs of Theorem 1 and Theorem 2 of [11] almost literally remain the 
same to give the pro-p versions of these theorems (the same is true for the pro-p 
versions of statements and proofs in |10j which are used in [11)). In particular, 
V = gr(Z p [[G]]) where the filtration of Z p [[G]] is induced by the augmentation 
ideal. Moreover, in the course of the proof of [UJ Theorem 1] it is established that 
the assumptions imply that 91/ 9t] is isomorphic as V^-modulc to gr(R/[R, R]). 
The latter therefore is a free gr(Z p [[G]])-module freely generated by the images 
W\ , . . . , W r of W\ , . . . , w r . More details of the extension of the proof of [TTJ Theorem 
1] are given in [TJ after Theorem 6.14]. By Lemma [2.111 Rl[R. R] is a free Z P [[G]]- 
module with basis W\, . . . , w r . □ 

We are now in the situation to prove Theorem 1 1.41 Indeed, Theorem 11.41 follows 
from Proposition 12.81 if we show that R/[R,R] is a free Z p [[G]]-module freely gen- 
erated by d — 1 elements. Remember from the proof of Proposition 12.81 that R is 



10 



INGA BLOMER, PETER LINNELL, AND THOMAS SCHICK 



the closed subgroup of F := Td (Td & free group on d generators and Td its pro-p 
completion) that is generated by elements wi, . . . , Wd-i of F which are congruent 
to an element of F modulo "f n {F) for every n. In particular, it follows that the 
images Wi,..., Wd-i of wi, . . . , Wd-i in gr(F) belong to the subset gr(r<j) = L. 
Moreover, G = F/R. 

Let r be the ideal of L generated by Wi, . . . , Wd-i and let U be the enveloping 
algebra of L/x. By [6j Theorem 2], L/r is a free Z-module which, by \6' 3 Theorem 1], 
is finitely generated in each degree, and t/[r, r] is a free U- module freely generated 
by the images of W%, . . . , Wd-i- Then Theorem 12.161 implies that R/[R, R] indeed 
is a free Z p [[G]]-module and Theorem 11.41 follows . 
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